Abstract. We consider a class of incompressible fluids whose viscosities depend on the pressure and the shear rate. Suitable boundary conditions on the surface force at the inflow/outflow part of boundary are given. As an advantage of this, the mean value of the pressure over the domain is no more a free parameter which would have to be prescribed otherwise. We prove the existence and the uniqueness of weak solutions (the later for small data) and discuss particular applications of the results.
Introduction
A well-known property of the Navier-Stokes equations describing the motion of an incompressible Newtonian fluid is that the fluid pressure is determined to within a constant. This degree of freedom does not play important role as far as only the pressure gradient is present in the equations of motion. Some generalizations of the Navier-Stokes equations, such as the equations for fluids with shear rate dependent viscosity share this property as well.
It has been observed that under some circumstances the fluid viscosity may depend significantly both on the shear rate and on the pressure. In such case the value of the pressure affects the whole solution of the equations. In previous theoretical studies, such as [10, 16, 26] , the mean value of the pressure either over the whole domain or over its nontrivial subdomain was prescribed as one of the input parameters. A difficulty of this approach lies in the fact that the pressure mean value is not a proper quantity from the practical point of view, i.e. there is no hint on the value which should be prescribed for a particular application. The objective of this paper is to propose 1 an alternative way of fixing the pressure, namely to use a suitable inflow/outflow boundary condition.
Let us demonstrate the idea on a simple example: Consider the Navier-Stokes equations and the Poiseuille flow in a 2D channel (0, L) × (0, 1) of length L and height 1, for which the velocity and the pressure are given by v v v(x x x) = (v 0 x 2 (1 − x 2 ), 0), v 0 ∈ R, p(x x x) = p 0 − 2µv 0 x 1 , p 0 ∈ R.
Here µ is the (constant) viscosity and v0 4 is the peak velocity in the channel centre. The parameter p 0 can be chosen arbitrarily and has no influence on the velocity. If we additionally prescribe a constant normal force h on the channel outlet {L}×(0, 1):
(1.1) −p + 2µD(v v v)n n n · n n n = h , where D(v v v) is the symmetric velocity gradient and n n n the unit outer normal to the boundary, then we automatically obtain p 0 = 2µv 0 L − h and the pressure is fixed. We will show (see Section 4) that boundary conditions similar to (1.1) have the same effect on weak solutions to fluids with shear rate and pressure dependent viscosity. In many applications, induced force is prescribed on a part of the boundary:
(1.2) Tn n n = h h h(x x x) , denoting T = −pI + S the Cauchy stress, n n n the outer normal to the boundary and h h h a given force. As a particular example, often a kind of natural outflow can be achieved in flow simulations by simply prescribing
Tn n n = 0 0 0 ; this type of condition (usually referred to as the do nothing condition) is easy to use in numerical simulations and yields quite reliable results (see e.g. [20] ). Some existence analysis of the Navier-Stokes equations with the condition (1.2) is available: Local results (i.e. for small data or short time) were obtained e.g. in [24] and in [25] for stationary and for time dependent case, respectively. Global existence analysis is, however, an open problem because (1.2) does not prevent backward flow through the boundary and thus uncontrolled amount of kinetic energy can be brought into the domain. In [23] the authors showed the existence of weak solutions to the variational inequality involving an explicit constraint imposed on the backward flows.
In this paper we will study boundary conditions involving a surface force depending on the velocity:
where the assumptions on b b b are specified in Section 2.2. Important examples and their motivation are given in Section 5. We follow the approach used e.g. in [13] , where
with z − := max{0, −z} being the negative part of z. Namely, we restrict ourselves to such forms of b b b in (1.3) , that expend all the kinetic energy brought in by the inflow, allowing us to establish standard energy estimates.
The paper is organized as follows. In Section 2 we specify the problem to be analyzed and state the main theorem. Existence and uniqueness of weak solutions is then proved in Section 3 and Section 4, respectively. Finally, Section 5 contains particular applications covered by the theory.
Definition of the problem and the main result
We investigate the following system of PDEs:
is the velocity, the kinematic pressure, the body force and the kinematic viscosity, respectively. The equations describe the motion of an incompressible homogeneous fluid in a bounded domain
The domain boundary consists of three parts: ∂Ω := Γ D ∪ Γ 1 ∪ Γ 2 , on which we prescribe the following boundary conditions:
Throughout the paper we will assume that Ω has the Lipschitz boundary. Further we will denote Γ := Γ 1 ∪ Γ 2 and suppose that |Γ D | > 0 and |Γ| > 0, i.e. the Dirichlet condition (2.2) and at least one of the conditions (2.3), (2.4) is present. Note that |Γ D | > 0 is needed in order to know that Korn's inequality is valid.
The equations governing the flow of an incompressible fluid with the viscosity depending on the pressure and the shear rate were subject to a number of recent studies. For more details on models of the type (2.1), we refer the reader to [16, 27, 29, 30] . Simple flows and numerical simulations are discussed in [21, 22] . In [9, 10, 26] , issues concerning different boundary conditions were studied. In [8, 11] , some further generalisations are provided. The proof of existence presented here derives from the one developed in [16] , where the existence theory was established for steady flows subject to homogeneous Dirichlet boundary condition was established.
2.1. Structural assumptions. The following assumptions on S are considered.
(A1) For a given r ∈ (1, 2), there are positive constants C 1 and C 2 such that for all symmetric linear transformations B, D ∈ R d×d and all p ∈ R:
where (B ⊗ B) ijkl = B ij B kl .
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(A2) For all symmetric linear transformations D ∈ R d×d and for all p ∈ R:
with γ 0 > 0 specified later. For examples of viscosities fulfilling these assumptions, see the references given above.
We state some useful inequalities following from (A1) and (A2). First, it was proven in [28] , Lemma 1.19 of Chapter 5, that for every p ∈ R and D ∈ R d×d sym :
with C 3 = C 3 (r, C 1 ). Next, defining
one can show that (see e.g. Lemma 1.4 in [10] )
We use inequality (2.6) in form of the following
where r := r r−1 , and the constants C 4 , C 5 > 0 depend solely on Ω, r and C 3 . Proof. DefineΩ := {x x x ∈ Ω ; |D(u u u)| > 1} and Ω := Ω\Ω. Then (2.6) gives
r , Young's inequality and the fact that
then leads to (2.11).
(Ω) stands for the Sobolev space, its subspace of functions with zero trace, the Lebesgue space, and its subspace of functions with zero mean value, respectively. Bold items denote the vector counterparts of these spaces. The norm of W 1,r (Ω), L q (Ω) will be denoted by · 1,r , · q respectively.
Boundary assumptions. Concerning the boundary conditions (
and assume the following:
(B1) With some γ 1 ∈ 3, r * ), the mapping
is continuous and bounded. Here r * :=
is continuous and bounded. (B4) With some β 2 ≥ 0 and β 2 > 0,
Additionally, in order to prove uniqueness of solutions we will require that the following stronger properties hold:
(B6) With some λ 1 > 0 and K 1 > 0 (specified later),
2 For the sake of simplicity, the uniform monotonicity is assumed here. The readers can verify themselves, that the monotonicity of b 2 would also allow to show the existence of a weak solution, with help of the Minty trick. 
Weak formulation.
We define the following function spaces:
* , we consider the following weak formulation:
is said to be a weak solution of Problem (P) if and only if
We finish this subsection by recalling the properties of the Bogovskii operator (see [32] or [1, 3] for the reference) and by stating its corollary. Lemma 2.3 (Bogovskii's operator; [32] , Lemma 3.17). Let 1 < q < ∞. Then there exists a continuous linear operator B :
Proof. Let us take an arbitrary function ξ ξ ξ ∈ C ∞ (Ω) d such that ξ ξ ξ| Γ D = 0 0 0, ξ ξ ξ| Γ2 = (ξ ξ ξ · n n n)n n n and
. It is then easy to verify with help of Lemma 2.3 that such choice meets the statement (2.21).
Main result.
Theorem 2.5 (Well-posedness of (P)). Let f f f ∈ W −1,r (Ω) and assume that (A1)-(A2) hold for the viscosity, (B1)-(B5) hold for the boundary data, with
Then (i) there exists a weak solution to (P);
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(ii) for any weak solution (v v v, p) of (P), the velocity v v v satisfies the estimate
where K 0 whenever ( f f f −1,r , β 1 , β 2 ) 0 0 0, the other problem data being fixed; (iii) if additionally (B6)-(B7) are satisfied and if K and λ 1 , λ 2 are small enough, then the weak solution to (P) is unique.
Existence of a weak solution
The proof of (i) has the same structure as the proof given in [16] for the problem with the homogeneous Dirichlet boundary condition on ∂Ω: In 3.1, we define an approximate problem (P ε ), derive the energy estimates and show the existence of a weak solution to (P ε ) via Galerkin approximations. Also, (ii) follows from the estimates derived in here. In 3.2, we show estimates for the pressure p ε uniform with respect to ε. This allows us to find sequences {(v v v 3.1. Approximate problem (P ε ). We relax the incompressibility constraint and
together with
Note that, in contrary to the case studied in [16] , equation (3.1) does not determine the mean value of the pressure
This is a consequence of the fact that v v v ε ·n n n| Γ is not prescribed.
We show that (v v v ε , p ε ) can be found as a limit of the Galerkin approximations (v v v N , p N ) defined as follows: 
Multiplying the k-th equation in (3.3a) by c and summing for k, l = 1, . . . , N , we obtain:
Using Green's theorem, we observe that (3.5)
Moreover, from (2.13) and (2.15) it follows that 1 2
and thus
Using (2.11), Korn's inequality and the embedding
Here and in what follows, C > 0 and K > 0 stand for generic constants, independent of N and ε. In addition, K 0 whenever the problem data f f f −1,r , β 1 and β 2 tend to zero (while the other data are fixed). From (3.6) it directly follows that
Estimates (3.6) and (3.7) imply, with help of the Brouwer fixed point theorem, the solvability of (3.3). Using (2.5) we obtain the estimate
Due to this and the boundedness of b 2 , there is a subsequence of {(v v v N , p N )} (denoted by the same symbol) and a pair (v v v ε , p ε ) such that (3.8)
Moreover, the compact embeddings yield:
The fact that r > 3d d+2 , (3.8) 1 and (3.9) are sufficient to show that
(Ω). Thus, we can pass to the limit in (3.3) and obtain (3.1) together with (3.10) 
Similarly as in [16] , we prove the strong convergence of v v v N . Using (3.11), (2.16), and letting N → ∞ we observe (due to (3.8)):
This can be further estimated from above, with help of (3.4), (3.9), lim inf
Therefore, and due to (3.9) 1 , there hold the almost everywhere convergences
Vitali's theorem and the continuity (2.14) of b 2 (·) allow us to identify the limits as:
3.2. Uniform estimates for the pressure p ε and weak convergence. For any pair (v v v ε , p ε ) which solves (3.1) and (3.2), we can obtain the same energy estimates as in 3.1:
Let us recall Lemma 2.4 and test (3.2) with ϕ ϕ ϕ ε :=B(|p ε | r −2 p ε ). Note that
r /r . Then, using (2.5), Hölder's inequality, (2.12), (2.14), the embedding W 1,r (Ω) → L γ1 (Γ 1 ) and at last the estimate (3.12), we obtain:
Since r > 1, this implies
Again, we find a sequence ε n 0 and a pair (v v v, p) such that (3.14)
Clearly, due to (3.12), v v v satisfies (ii) of Theorem 2.5. Note that (3.14) 1 and (3.12) together with (3.1) yield:
We can then pass to the limit in (3.2), obtaining
Finally, we use Vitali's theorem and the continuity of b 2 (·) again, to show that
for all ϕ ϕ ϕ ∈ W 1,r b.c (Ω). In order to do so, we prove the convergences
e. on Γ 2 and p εn → p a.e. in Ω in the next part.
3.3. The almost everywhere convergence. Let us rewrite inequality (2.8) in the form
2), ξ := p εn in (3.1), using (3.14), (3.15) and taking ϕ ϕ ϕ := v v v in (3.16), we observe that
which together with (2.16) yields (denoting by o(1) a sequence vanishing as ε n 0):
2) with ϕ ϕ ϕ n we obtain:
from which it follows that
This implies, using (2.9), (3.14) and (3.18) , that
which leads to:
Due to assumption (2.22) 2 , (3.18) and (2.10), we finally observe that
which implies (3.17) and completes the proof of (i) of Theorem 2.5. 
Uniqueness considerations
Let us assume that (2.23) holds with C I K ≤ K 1 , where C I comes from the embedding inequality u u u γ1,Γ1 ≤ C I u u u 1,r . Then the right hand side of (4.2) can be estimated using the embeddings
, (2.17) and the monotonicity of b 2 , as follows:
Again in what follows, C, K > 0 stand for generic constants determined by the problem data. Here and later in this subsection, C is independent of f f f , β 1 and β 2 , i.e. it is not correlated to K. Applying this back to (4.2) and using (2.8) we thus obtain:
This together with (2.10), Korn's and Friedrichs' inequality yields that for λ 1 and K small enough
. Next, using (2.9) and Hölder's inequality, we obtain for any ϕ ϕ ϕ ∈ W 1,r b.c. (Ω):
and also that ϕ ϕ ϕ γ1,Γ1 , ϕ ϕ ϕ ∞,Γ2 ≤ C p 1 − p 2 2 . We arrive at
which in combination with (4.6) gives:
From (2.18), (2.21) 3 , the embedding and (4.5) it follows that
2 , provided that C I K ≤ K 2 , with C I from u u u r * ,Γ2 ≤ C I u u u 1,r . Applying the same technique as in (4.3), namely the embeddings and (2.17), then using (4.5) and (4.8), we can collectively estimate the boundary and the convective term on the right hand side of (4.7) by the expression C(
2 and obtain:
Due to (2.22) 2 , for λ 1 , λ 2 and K small enough the coefficient on the left hand side is positive and thus
Remark 4.1 (Pressure is fixed by velocity). Let (v v v, p 1 ) and (v v v, p 2 ) be weak solutions to (P). Then, under the assumptions of Theorem 2.5,
Proof. From (2.9) we observe that
Then we subtract (2.19), take a test function ϕ ϕ ϕ :=B(p 1 − p 2 ) and obtain:
Since by asumption γ 0Cdiv (Ω, Γ 1 , Γ 2 , 2) < 1, we conclude that
Remark 4.2. Note that the additional assumptions-namely the requirement of small data f f f , β 1 , β 2 -stated in (iii) of Theorem 2.5, are due to presence of the convective term and the nonlinear boundary terms, not due to the nonlinear viscosity.
Explanation. Indeed, one can consider a Stokes-like system (P S )
and the boundary terms
The readers can verify themselves, that the weak solution to (P S ) exists and that the solution is unique even for large data.
analogy, when studying the flow where a part of the boundary is a thin porous wall (or membrane), one can prescribe the condition (5.3) −Tn n n · n n n = p out + c 1 v v v · n n n , with c 1 ≥ 0 for the normal part of the velocity, see e.g. [34] . However, Darcy's law is valid only for slow flows. It can be in fact derived from the Stokes equation, i.e. neglecting the inertia of the fluid, see e.g. [31] . For higher Reynolds numbers, the experimental observations "did not allow to find a universally accepted formula" [31] . Nevertheless, the relation was proposed more than a century ago in [15] . Here, the last two terms were added to make the equation fit the experimental results. Formula (5.4) with d 3 = 0 is well established as the Forchheimer equation; see e.g. [2] for a survey of both experimental and theoretical results prior to 1972, or [19, 31] for more recent references. The authors are not aware of any reference concerning the porous wall boundary condition which would involve both high velocity effects and non-Newtonian fluids with pressure and/or shear rate dependent viscosities.
As an analogy of (5.4), the boundary condition of the type Note that 2r * < r * , since r > 3d d+2 . Thus, (B7) can be achieved for any λ 2 > c 1 |Γ 2 | r * −1 r * , choosing K 2 > 0 sufficiently small. Concerning the boundary conditions given on the tangential part of the velocity on a porous wall, the no-slip condition (2.4) 1 is chosen here, as one of several possible choices. It was preferred mainly in order to keep the ideas simple, even though from the physical point of view there is no particular preference over kinds of slip condition. Nevertheless, the no-slip condition can be reasonable either as an approximation or in cases justified by the particular application, see for instance [17, 18, 34] .
Conclusion
The class of fluids with pressure and shear rate dependent viscosities together with mixed boundary conditions involving the pressure was studied. Under certain assumptions, it was shown that a weak solution exists and, if the data are small, that this weak solution is unique. In contrast to previous studies, no constraint on the pressure mean value is present in the formulation of the problem. The proof follows the ideas of [16] , except for the treatment of the inflow/outflow boundary conditions. Finally, a brief survey on these boundary conditions fitting to our theory is presented together with their physical application.
